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Abstract
Recently, it was shown by Jevicki, Kazama and Yoneya (JKY) that the Super-
Yang-Mills theories (SYM) in D  4 can reproduce the conformal symmetry of
the near-horizon geometry of the D-brane solutions. However, the eikonal approx-
imation they used is not sucient for analyzing the conformal symmetry in SYM.
We carry out the 1-loop calculation beyond the eikonal approximation for D = 1
SYM (i.e., Matrix model) to conrm the claim of JKY.
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1 Introduction
The duality between string theory on the Anti-de-Sitter (AdS) space and the conformal eld
theory on its boundary has been investigated intensively [1, 2]. Recently, an interesting obser-
vation was made by Jevicki, Kazama and Yoneya (JKY) [3] that the isometry of the AdS space
can be derived from D = 4 N = 4 Super-Yang-Mills theory (SYM). The special conformal
transformation (SCT) in SYM is modied by a quantum extra term to reproduce the isometry
of the AdS space.
Although the near-horizon geometry of the Dp-brane solution with p 6= 3 is not of the AdS
type, SCT as well as the dilatation symmetry1 of the near-horizon geometry play important
roles in determining the form of the Born-Infeld action of the Dp-brane [1, 5]. The SCT of
the near-horizon geometry diers from that in SYM by a U (radial coordinate) dependent
term which vanishes on the boundary U ! 1. JKY [4] generalized the arguments of [3] to
the p 6= 3 case to show that this U -dependent term can be reproduced from the extra term
in the SCT of SYM which we have to add for compensating the breaking of SCT due to the
gauge-xing term.
In [4], they calculated the SCT and the 1-loop eective action using the eikonal approx-
imation and examined the SCT Ward identity in SYM, in particular for the D = 1 case.
However, the eikonal approximation is in fact insucient for determining the eective action
and examining the SCT Ward identity. This is because the higher derivative terms of the
scalar elds (transverse coordinates of the D-brane), which vanish in the eikonal approxima-
tion, are converted into terms containing only the rst derivative of the scalars through the
integration by parts.
The purpose of this note is to carry out the 1-loop calculation beyond the eikonal ap-
proximation for D = 1 SYM (i.e., Matrix model [6]). We determine completely the form of
the 1-loop eective action with a particular operator dimension and conrm the SCT Ward
identity.
2 SCT in Matrix model
First, let us briefly summarize the SCT in Matrix model [5, 3, 4]. It is well known that the
action of D = 4 N = 4 SYM has conformal symmetry. This is also the case for maximally
SYM in other dimensions if we assign the coupling constant a conformal dimension and vary it
1The SCT and the dilatation symmetry in both the near-horizon geometry with p 6= 3 and the SYM with
D 6= 4 are generalized ones in the sense that they transform also the coupling constants [4].
1



















This is the action of D-particles and is familiar in the Matrix model. The action (1) is
invariant under both the dilatation and SCT. In particular, the transformation law of the
bosonic variables under SCT reads
 = 
2;
(A; Xm) = −2(A; Xm); (2)
gs = −6gs:
In order to quantize the system, we have to add the gauge-xing and the corresponding ghost









C@DC − C[Bm; [Xm; C]]
)
: (3)
Here we have adopted the background gauge, and Ym is the fluctuation of the scalars Xm from
the diagonal background Bm; Xm = Bm + Ym. While Sgf + Sgh (3) is dilatation invariant, it
is not invariant under SCT (2). However, the SCT symmetry is restored by applying a BRST









In fact, the violation of SCT, (Sgf + Sgh), is canceled by the change of the functional measures
of A and C under BRST. Therefore, the eective action Γ[B; gs] of the present system satises










Γ[B; gs] = 0; (5)





d0 Tr( C(0)A(0) )
〉
: (6)
Note that the total SCT for Bm is now given as a sum of the classical part Bm,i = −2Bm,i
and the quantum correction Bm,i.
In the following sections, we shall rst calculate explicitly Γ[B; gs] and Bm,i within the
eikonal approximation and nd that the eikonal approximation is insucient for conrm-
ing the SCT Ward identity (5). We then present a systematic analysis beyond the eikonal
approximation by incorporating the acceleration and the higher time derivative terms.
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3 Eikonal approximation
In this section we shall repeat the calculation of Γ[B; gs] and Bm,i in the eikonal approx-
imation given in [4] in a more systematic manner to clarify the problem. Before carrying
out the calculation, let us recall the structure of the double expansion in the Matrix model.
According to [7], calculations in the Matrix model has the structure of the double expansion
with respect to [L−3] and [L−2T−2], where [L] represents the length dimension, and [T] the
time dimension of the operators. The expansion with respect to [L−3] corresponds to the loop
expansion, while [L−2T−2] is the unit dimension of the time derivative expansion. Therefore,
the n-loop eective action Γn-loop has the following structure:
Γ0-loop = [L
2T−2] + [L0T−4] + [L−2T−6] +   
Γ1-loop = [L
−1T−2] + [L−3T−4] + [L−5T−6] +   
Γ2-loop = [L
−4T−2] + [L−6T−4] + [L−8T−6] +   
...
(7)
Here we are interested in the [L2T−2] term of Γ0-loop, and the [L−1T−2] and [L−3T−4] terms of
Γ1-loop.
For the 1-loop calculation we need the quadratic part of the Matrix model action. As
stressed in [4], it is necessary to take into account the fact that the coupling constant gs is
now a function of  and to keep the dependence linear in   _gs=gs:
LY Y = 1
2gs
Ym,ij(−@2 + @ + B2ij)Ym,ji; (8)
LAA = 1
2gs
Aij(−@2 + @ + B2ij)Aji; (9)





α,ij(−αβ@ + γmαβBm,ij)β,ji; (11)
LC¯C = −i Cij(−@2 + B2ij)Cji; (12)
where
Vm,ij  _Bm,ij − 1
2
Bm,ij ; (13)
Bm,ij  Bm,i − Bm,j: (14)
























( _Bm)2. Here, we are considering the two-body case with (Bm,1; Bm,2) = (0; Bm),
and the propagator (η) is given by (η)  (−@2 + @ + B2)−1. In (15), the rst term is the
contribution of LY Y and LAA, the second term is due to the mixing between Ym and A, the
third and the fourth terms are from Lθθ, and the last term is the ghost loop.
Expanding (15) to O(), we nd that the 1-loop eective action is given as a sum of the





























−@2 + B2 − 2 _B
}
; (17)
G1 = Tr fln(1− 4VmVm)− ln(1− 4V V )g ; (18)
with   (−@2 + B2)−1 and V 
√
(Vm)2. Here, Γ1 is -independent and Γ1 is propor-
tional to . As for G1, it vanishes in the eikonal approximation although it makes important
contributions in the next section.
In the calculation of the eective action in the eikonal approximation,2
Bm = bm + vm; (19)






2+nv)sD(1; 2; s); (20)













cosh 2sv − 212
]}
: (21)
The following useful convolution formula holds for D(1; 2; s):
G(1; 2; s1; s2; J) 
∫
d0D(1; 0; s1) eJτ0 D(0; 2; s2)
= D(1; 2; s1 + s2) exp
{
J (1 sinh 2s2v + 2 sinh 2s1v) + J
2 sinh 2s1v sinh 2s2v=2v




In particular, repeated use of (22) gives
h1j (0)M j2i =
∫ 1
0







2Here we set b  v = 0.
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Using the above formulas, the 1-loop eective action in the eikonal approximation can be
calculated exactly to any desired order in the time derivative expansion (see the remarks below
eq. (33)). Keeping the terms with dimensions [L−1T−2] and [L−3T−4] as we mentioned at the
beginning of this section, we have





































where 2  b2 + v2 2 (= B2 in the eikonal approximation).
Note that the eective action should be a functional of Bm() and gs() as is seen from
the original expression (15). Then, our next task is to rewrite (24) in terms of Bm() and its
derivatives. In the eikonal approximation with B¨ = 0, there are the following candidate terms



































































Having nished the calculation of the eective action, let us proceed to Bm. Reviving





hCij() Cji(0)i hYm,ji()Aij(0) i − (i $ j)
)
; (29)
where the free propagators are
hCij(1) Cij(2)i = i h1jij j2i ; (30)
hYm,ji(1)Aij(2)i = −2igs h1jij _Bm,ijij
(
1− 4 _B`,ijij _B`,ijij







Returning again to the two-body situation and making the eikonal approximation, eq. (29)
is reduced to









where the nal expression is obtained by using the formulas (20)|(23). Expressing again (32)
in terms of Bm, we obtain the nal form of the quantum SCT ˜   + :
˜ = 
2; ˜gs = −6gs;





Although the coecient 3=2 of the last term of ˜Bm is apparently dierent from that of the
U -dependent term in the SCT of the near-horizon geometry, the two SCT are related by a
coordinate transformation [4].
Let us give remarks on the systematic expansion in powers of [L−2T−2]. We shall explain
the following two points:
1. How to obtain the expressions like eqs. (24) and (32), which have the powers of  (but
not b) as their denominators.
2. Note that the quantity v2 2=2 is dimensionless. Hence, one might think that, for the
terms with a given dimension, an innite series in powers of v2 2=2 appears in the
eective action and Bm. On the other hand, if these quantities can be expressed in
terms of Bm and its derivatives, we should have only a nite number of terms with a
given dimension. We shall explain why in the concrete calculations the series in powers
of v2 2=2 terminate at a nite order.
To explain the rst point, note that Γ1-loop and Bm such as the second terms of (24) and














in terms of some function F (skv). The expansion in powers of 1= (but not 1=b) is obtained
by rewriting the last two factors in (34) as














sk with respect to v.
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The second point that the series in powers of v2 2=2 terminates at a nite order is easily
understood from the series expansion,
exp
(









An important point is that for a given m, which species the dimension of the term in units
of [L−1T−1], the summation over n terminates at n = m.
Let us return to the results (27), (28) and (33) in the eikonal approximation and examine














 _B2( _B  B)
B7
; (38)
























Then, since we have ˜ = −6 +O(), putting  = 0 after the transformation and discarding
the total derivative term (3=2)( _B  B)=B3, we have











which just cancels (38). However, our Γ1 (28) does not agree with the  term in (39).
In the above argument, we have implicitly assumed that the expressions (27), (28) and
(33) are valid for a generic Bm() not restricted to the eikonal form (19) although they are
obtained using the eikonal approximation. However, if, for example, we added to (28) the term
(15=8)( _B  B)(B¨  B)=B7, which vanishes in the eikonal approximation, the sum of the last
two terms in (28) and the added one would become (15=8) _B2( _B B)=B7 + (15=16)(d=d)[( _B 
B)2=B7] with the desired coecient 15=8. On the other hand, if we further added −(3=4)(B¨ 
_B)=B5 to the above quantity, the sum would become a purely total derivative term. Therefore,
for examining the SCT Ward identity, we have to go beyond the eikonal approximation. This
is the subject of the next section.
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4 Beyond the eikonal approximation
Before carrying out the calculation beyond the eikonal approximation, let us list the terms we
have to consider in the 1-loop eective action Γ1-loop and the quantum SCT Bm. First, for
Bm, _Bm=B
5 is the unique function of Bm with dimension [L
−4T−1]. Therefore, the quantum
SCT (33) is already valid beyond the eikonal approximation. Next, let us consider the terms
proportional to  in Γ1-loop (they are contained in G1 as well as in Γ1). We are interested in
those terms with dimensions [L−1T−1] and [L−3T−3] excluding . For [L−1T−1], there is only
one term _B  B=B3. As for the terms with dimension [L−3T−3], we have ...B  B=B5, B¨  _B=B5
and (B¨ B)( _B B)=B7, besides the terms _B2( _B B)=B7 and ( _B B)3=B9 which we have already
taken into account in the eikonal approximation. For the -independent terms in Γ1-loop, there
are in total 11 kinds of terms although we do not list them explicitly. Our task in this section
is to determine the coecients of all of these terms to examine the SCT Ward identity.
For this purpose, let us consider the following polynomial form for the function Bm():









and keep terms up to linear in a  b, a  v and w  b in Γ1-loop. These three kinds of terms are
sucient for determining all the coecients in Γ1-loop. Then, the parts of the eective action














 (@  v) 2
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a  b2 + a  v 3 + 1
3










a  b + 1
2















− (a  b + w  b) 30 + @0
(

































Let us give a sample calculation of the rst term in (43) to explain how to evaluate it using
the convolution formulas:∫













− cosh 2s3vH1(;  ; s1 + s2; s3) + 
sinh 2s3v
D(;  ;∑ sk)e−b2∑ sk ; (44)
8
where Hm is dened by









with G of (22). In (44), we rst applied (23) to 20, and then replaced 0 arising from the 0-
derivative acting on D(0;  ; s3) with H1. Finally, we have to Taylor-expand (44) with respect
to v using the expression (35) and carry out the sk integrations.





















































































































(B¨  B)( _B  B)
B7
=
a  b v2
7
+
a  v v2 2
7
+
w  b v2 2
7
;









































































































Using the same method we can calculate the -independent terms in Γ1-loop. This time there
are 11 possibilities such as
....
B B=B5, ...B  _B=B5, B¨  B¨=B5, (...B B)( _B B)=B7, : : :, ( _B B)4=B11.




4=24 and keep terms linear in a  b, a  v, a2, w  b, w  v and z  b. Surprisingly, however, the
-independent terms of Γ1-loop remains the same as (27) obtained in the eikonal approximation.
Summing up the results of our calculations, we conclude that the total 1-loop eective



































This has the desired coecient 15=8 and agrees essentially with the claim (39) of [4], implying
that the SCT Ward identity is in fact satised.
5 Conclusion
In this paper we calculated the 1-loop eective action in Matrix model beyond the eikonal
approximation and conrmed the SCT Ward identity. Eikonal approximation can only give
limited information on the eective action. It is crucial to consider a higher polynomial form
for Bm() for determining completely the eective action, especially, its -dependent terms.
We nish this paper by giving some comments.
 In our calculation, it is important to take into account the contribution of G1 (18), which
vanishes in the eikonal approximation and hence is usually dropped from the start.
 By applying our method of calculation, it is possible to determine also the higher order terms
with dimensions [L−5T−6], [L−7T−8], : : :, in the derivative expansion of the eective action (cf.
eq. (7)).
 In this paper we examined the SCT Ward identity (5) at the lowest order in . By keeping
terms with higher powers of , the SCT Ward identity is expected to hold without putting
 = 0 after the transformation.
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